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Abstract 
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! The present paper is devoted to the study of classes of mappings with non-bounded 

characteristics of quasiconformality. It is proved that the normal families of mappings 

distorting the families of mappings in M n by special way, have the logarithmic order of 

growth in the neighborhood of every point. There are proved some sufficient conditions 

— 

, of normality of such mappings / : D — > M n , n > 2, omitting the values of some set 



m _ 

function. 

in 



Ef with some constraints of the type c(Ef) > 5, 5 E R, where c(-) is the special set 
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1 Introduction 

The present paper is devoted to the study of Q-mappings introduced by O. Martio together 
with V. Ryazanov, U. Srebro and E. Yakubov (see e.g. in [14|). In what follows, m be the 
Lebesgue measure in MJ 1 , n > 2, IR ra = M. n U {oo} be the one-point compactification of M. n , M 
be the conformal modulus of families of curves (see e.g. 6.1 in [21]). In the extended space 
M. n = M n [J{oo}, we use a spherical (chordal) distance h(x,y) = \tv(x) — 7r(y)\, where tt is a 
stereographical projection of R n onto the sphere S n (^e n+ i, in R n+1 : 

h(x,oo)= ; h(x,y)= ^ j= x ^ oo ^ y . 

l+\x\ 2 ^l + \x\yi+\y\ 2 

Given a domain D and two sets E and F in M. n , n > 2, T(E, F, D) denotes the family of 
all paths 7 : [a, b] -)■ which join £ and F in £>, i.e., 7(a) 6 7(6) 6 F and 7(t) e £> 
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for a < t < b. We set T(E,F) = T(E, F, R n ) if D = M n . Let r = dist (x , 3D) and 
Q : D — > [0 , oo] is a measurable function. Set 

R(ri, r 2 , xq) = {x G M n : r\ < \x — x \ < r 2 } , 

Si = S(xo, Ti) = {x G M n : \x — xq\ = r^} , i = 1, 2. 
A mapping / : D — > IR n is said to be a ring Q -mapping at a point x G D, if the inequality 



R 

take a place for every annulus R = R(ri, r 2 , x ), < r\ < r 2 < r , and every measurable 
function r\ : (r 1; r 2 ) — > [0, oo] with 



Remark that the case Q(x) < K = const corresponds to the quasiregular mappings, and 
the case Q(x) = 1 corresponds to the conformal mappings and analytic functions (see the 
monographs [19] and (20] as well as the Theorem 1 in [18] in this connection). In the 
work [26], we have found the conditions on Q providing the equicontinuity and normality of 
families of mappings satisfying the (II. ip and omitting the values of the fixed set of positive 
capacity. Remark that, the above conditions are sufficient conditions of equicontinuity, but 
they are not necessary. In particular, the family of mappings / : D — > M. n \ E with (11.11) is 
normal whenever cap E > and Q G FMO(xq) at every point Xq G D (see Theorem 5.1 in 



The present work consists of two different parts devoted to the study of the property 
of equicontinuity for the mappings satisfying the relations (jl.ip - (jl.2p . In the first part of 
the paper, we discuss the necessary and sufficient conditions providing the equicontinuity of 
the family of mappings meaning above. Here we fix some condition on Q, for example, the 
FMO-condition, and consider the family of mappings satisfying the inequalities Ql.ip - p.2j) . 
Remark that such investigations extend the well-known results of R. Miniowitz which were 
published in 1982 for the quasiregular mappings (see Theorem 1 in [16J); see also the result 
of O. Lehto and K. Virtanen for the plane quasiregular mappings (Theorem 4. 3. II. in [9J). 
The most important author's result in this direction can be given in the following form. 

Theorem 1.1. A family of all discrete open ring Q-mappings /:£)—>■ K" at the point 
x G D with Q G FMO(xq) is equicontinuous at the point Xq G D if and only if there exist 
p = p(n, Q) > 0, C n > and £0(^0) > such that 




(1.1) 




(1.2) 




(1.3) 



for every x G B(x , e ). 
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Here, following [6j, we say that a function ip : D — > M has finite mean oscillation at a 
point xo G -D if 

limsup / \<p{x) - yT e \dm(x) < oo 



B(xq,c) 

where 



fin ■ £™ 

B(a;o,e) 

is the average of the function <p(x) over the ball B(xq,e) = {x G MJ 1 : |x — sco| < £ }- Note 
that FMO is not BMOi oc , see examples in [TJ], p. 211. It is well-known that L°°(D) C 
BMO(D) C Lf oc (Z>) for all 1 < p < oo, see e.g. [7], but FMO(D) £ L p loc {D) for any p > 1. 

The second part of the paper is devoted to the search of sufficient conditions of equiconti- 
nuity of the mappings / : D — >■ M n \i?j omitting the points of the set where the compact 
set Ef of positive capacity depends on /. Note that, in the general case, the condition 
cap Ef > does not imply the equicontinuity (normality) of the family of i^-quasiregular 
mappings / : D — >■ R n \ Ef that shows the following simple example: f m (z) = z m , z G C, 
D := 5(0,2) = {z G C : \z\ < 2} for n = 2. It is known that, if a set E = Ef does not 
depend on /, the corresponding family of mappings to be the equicontinuous (see Corollary 
2. 7. Ill in [20] for bounded Q, and Theorems 5.1-5.2 in [26] for more general Q). However, in 
the present paper we don't require the existence of such "general" E. Following to approach 
of M. Vuorinen [22J, we consider now the restriction on the family {Ef} which connects with 
some set function c(-) (see the relation (14. ID ). The restrictions of a such type were considered 
earlier for bounded Q, see [22J. The following result take a place. 

Theorem 1.2. The family $q s of all open discrete ring Q-mappings f : D — )■ M n \ Ef 
at xq G D with c(Ef) > 5 > 0, where the set Ef is compact, is equicontinuous at the 
point Xq G D whenever at least one of the conditions take a place: 1) Q G FMO(xq)] 2) 
Qx ( r ) — C ■ (logi) n_1 , where C > is some positive constant and q Xo (r) is the integral 
average of Q(x) under the sphere S(x , r); 3) 

dt 

= oo (1.4) 



for some e = where q Xo (r) as above. 



2 Preliminaries 

All of the definitions and notions used in the paper can be found in |26j. To recall the most 
important of them. Let D be a domain in W 1 , n > 2. A mapping / : D — > IR n is said to be 
a discrete if the preimage f~ l (y) of every point y G ~&L n consists of isolated points, and an 
open if the image of every open set U C D is open in W 1 . 
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Following [TT] and [20], a condenser is a pair E = (A, C) where A C M n is open and C is 
non-empty compact set contained in A. For a given condenser i£ = (A, C) , we set 



cap E = cap (A, C) = inf / \Vu\ n dm(x) 

uew (E) J 



A 



where Wq(E) = Wq(A, C) is the family of non-negative functions u : A — > IR 1 such that 
(1) u G Cq(A), (2) u(x) > 1 for x G C and (3) u is ACL. In the above formula 

= ( Yl (diu) J , and cap E is called the capacity of the condenser E. 

Let f : D —> M. n be a discrete open mapping. Let : [a, b) — > W n is a curve and 
x G / _1 (/3(a)). A curve a : [a, c) — ?• -D is called a maximal f -lifting of /3 starting at x, if 
(1) a(a) = x; (2) f o a = 0\\ a , c )] (3) if c < c' < 6, then there does not exist a path 
a' : [a, c') — )■ £) such that a = a'|[a, c ) and foa' = 0\[ a , c ')- Let / be a discrete open mapping, 
then every curve /3 with x G (/3(a)) has a maximal /-lifting starting at a point a; (see 
Corollary 3. 3. II in [20J, see also Lemma 3.12 in |13|). 



In what follows, w n _i denotes the square of the unit sphere S n 1 in M n . The weaker version 
of the following Lemmas were proved in (26], see Lemmas 3.2-3.3. 

Lemma 2.1. Let f : D — > IR n , n > 2, be an open discrete ring Q-mapping at the point 
Xq. Suppose that there exist numbers e £ (0, dist (xo, dD)), e'q G (0, e$) and a family of 
nonnegative Lebesgue measurable functions {ip £ (t)}, ipe '■ i £ , £ o) ~^ [0,c>o], e G (0,£g) , such 
that 

J Q(x)-^(\x-x \) dm(x)<F(s,e ) Vee(0,e^), (2.1) 

e<\x— xq\<£o 

where F(e, Eq) is some function and 

< J(e,e ) := J ^ e (t)dt < oo Vee(0,£o). (2.2) 

Tiien 

cap f{E) < F(e, E )/I n (E, e„) V e G (0, ^) , (2.3) 



wiere = (A, C) , A = B (x ,r ) , C = B(x ,e), r = dist (x , dD) , A := W a whenever 
D := R n . 

Proof. Let us consider the condenser E = (A, C), where A and C from the conditions 
of Lemma. Remark that a pair of the sets f(E) = (f(A),f(C)) to be a condenser by 
the continuity and openness of the mapping /. If cap f(E) = 0, there is nothing to prove. 
Suppose that cap f(E) ^ 0. We can consider that oo G" A. 

Let rg be a family of curves of the type 7 : [a, b) — > A such that 7(a) G C and |-y| O 
(A \ F) 7^ for every compact set F C A, where |7| = {x G M. n : 3t G [a, b) : 7(i) = x} is 
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a support of the curve 7. It is known that capi? = M(Te) (see e.g. Proposition 10. 2. II in 

Eon. 



Let us consider a family of curves I/(£) for a condenser f(E). Remark that every 7 G ^f(E) 
has a maximal /-lifting in A starting in C (see Corollary 3. 3. II in |20|). Let V* be a family 
of all maximal /-liftings of Tf(E) starting in C. Remark that T* C T^. Besides that remark 
that Tf(E) > f(X*) and, consequently, 

M(T m ) <M(/(P)) . (2.4) 

Consider = S(x , e), S £0 = S(x , e ), where e is from conditions of Lemma and e G 
(0, £q) . Let us denote R(r\, T2, Xq) = {x G K" : ri < |i - Xq\ < r2}. Remark that T* C 
T E and, consequently, T (S £ , S £o , R(e,e ,x )) < T* and f(T(S £ ,S £o ,R(e,e ,x ))) < f(T*). 
Hence 

M(/(r*))<M(/(r(5 e ,5 eo ,^(£,£ ,xo)))) . (2.5) 
I follows from relations (12. 4 h and ( 12.5ft that 

M (r /(B) ) < M (/ (r (£ e , S £0 , £ , z )))) 

and, consequently, 

cap/(E)<M(/(r(5 £ ,5 £o ,i?(e,£ ,a:o)))) . (2.6) 

Let us consider the family of the Lebesgue measurable functions i] £ (f) = ip £ (t)/I(E,£o), 

£0 

t G (e, eo). Given e G (0, Eq) we have f r] £ (t) dt = 1. By the definition of the ring Q-mapping 
at the point Xq, 

M(f(T(S £ ,S £0 ,R(E,E ,x )))) < 1 — j Q(x)-^(\x-x \) dm(x) (2.7) 

£<\x — Xo\<EO 

for every e G (0,£q). The relation (Q directly follows from (j2TT|) . (j2TB]l and (l2~7]l . □ 
A chordal diameter of the set C M n is called the quantity 

h(E) = sup /i(x, y) . 

x ,y£E 

Lemma 2.2. Let f : D W 1 , n > 2 be an open discrete ring Q-mapping at the point 
x such that D' = f(D) C 5(0, r) and h (W\B(0,r)) > 5 > 0. Suppose tiat tnere exist 
numbers p < n, £ G (0, dist (x ,<9-D)), £q e (Oj £ o) an d nonnegative Lebesgue measurable 
functions {ip £ (t)}, ip £ : (e, e ) — » [0, 00], £ G (0,£q) j with 

Q(z) • W(\x - x Q \) dm(x) < K-I p (e,e ) V£G(0,£^), (2.8) 

£<|x— Xo|<£0 

wiere tie quantity I(e,Eq) is defined in l\2.2\) . Then 

ry 

h(f(x),f(x )) < -f exp{-/3 n /^(|x-x |,£ )} (2.9) 
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for every x G B(xq,£q'), where A n G [4, 2e n 1 ) are some numbers depending only on n (see 
(7.21) and Lemma 7.22 in [23]) and 



2 , f^n-l \ n-i 1 P -I 



a n = 2Xi, /3 n =(^=±j , 7np = !_£__. (2.10) 



Proof. Given e G (0, £q), we get 

c^f{E)<K-P- n {e ) e ) . (2.11) 

In fact, the relation (I27TT]) follows directly from fl23|) and (PJ^D as F(e,e ) := K ■ I p {e,e ). 

Since f(A) C 5(0, r), by Lemma 2.2 in [26] applied to the condenser f(E), we obtain 
that 

cap/(£)> — ^ — , (2.12) 

log 2A " 



h(f(C))h(R"\B(0,r)) 

where A n G [4, 2c"- 1 ), A 2 = 4 and An /n ^easn^oo. Since /i (1™ \ 5(0, r)) > 5, it follows 
from (12TTT]) and fl2TT2j) that 

fc(/(0)<^«p{-(^)^(J( e ,so))S 

Denoting a n = 2A*, /?„ = (^) ^, 7njP = 1 - jg, we obtain 

h(f(C)) < -fexp {-(3 n P^(e,e )}. (2.13) 



Let x G D be such that |x — Xo| = £, < e < Sq. Then x G -B (xo, e) and f(x) G 
/ ^-B (xo, £) j = /(C) and from ( 12. 1 3[) we get the estimate 

h(f(x),f(x ))<-^exp{-p n n^(\x-x le )} V ee(0,e£). (2.14) 

By arbitrariness of e G (0,£q) , the relation (12. 14f) take a place in the whole ball -B(xo,£o). 
□ 

Recall that, by the Liouville theorem, each conformal mapping of a domain D of R n , 
n > 3, is a restriction of some Mobius transformation to D (see e.g. |10| . |5] and Theorem 
2.5.1 in [20j). The above result is also true for a domain D := R n and n = 2 (see, e.g., 
|17j). Inversely, the restriction of every Mobius transformation U : R n — > R n on a domain 
5 \ {oo, £/ -1 (oo)} is a conformal mapping and, consequently, M(U(T)) = M(T) for every 
Mobius transformation U : R n — > R n and a family of curves T in R n (see Theorem 8.1 in 

m)- 

The following two Lemmas define the character of the local behavior of the classes of 
mappings of the type (II. ip which are equicontinuous at fixed point. 
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Lemma 2.3. Let be the family of the open discrete Q-mappings f : D — > IR n , at 
the point xq G D, n > 2. Suppose that there exist numbers p < n, £ £ (0, dist (xq,8D)), 
Sq G (0, £o) and a nonnegative Lebesgue measurable function if) : (0, Eq) — > [0, oo], with A2.2\) . 
I\2.8\) as ip £ = ip and, besides that, I(e, Eq) — > oo as e — > 0. 

Then $q is equicontinuous at xq if and only if there exist £j = Ei(xo), i — 1, 2, < E\ < 
£2 < Eq, such that the inequality 

h{f{x),f{x )) < a n exp{-/3 n P n >»{\x - x \,e 2 )} (2.15) 

holds for every f G $q and all x G B{xq,E\), where f3 n = (^jt)™' 1 j an< ^ a n an< ^ ln, P are 
defined in fc2~W\) . 

Proof. Sufficiency of the statement of Lemma is obvious in view of (12. 15[) at p < n and 
of the condition I(e,Eq) — > 00 as e — > 0. Now let us show the necessity of the statement. 
Suppose that the family $q is equicontinuous at xq, then for every a > there exists 
A = A(cr, xq) such that 

h(f(x),f(x Q ))<a (2.16) 

whenever \x — Xq\ < A. We may consider A < Eq. Given a mapping / G $q and a point 
Xq G D, let us define a Mobius transformation U : R n — > M n as the following: 

U(f(x )) = 0, h(U(f(x)), U(f(x ))) = h(f(x), f(x )) (2.17) 

(see Theorem 12.2 in |21]). By the remarks which have been done before Lemma 12.31 a 
mapping v :— Uof is a ring Q-mapping at the point Xq. It follows from (I2.16P at sufficiently 
small cr and from (I2.17P that \v(x)\ < 1 at some e 2 — ^2(^0) an d all x G B{xq,E2)- Let us 
consider the mapping g := v\b(x ,e 2 )- Since J(e, e ) — > 00 as e — > 0, we have < I(e,£o) < 
2 • J(e,£2) < 00 at some E\ G (0,^2) and all e G (0,£i). It follows from the conditions ( 12. 8p 
that 

Q(x) -^ n (|x-xo|) dm(x) < 2iT • J p (e,e 2 ) Vee(0,ei). (2.18) 

e<|x— a; |<£2 

However, the condition ( 12.18P coincides with (12. 8p . where e% plays role of £0, £1 plays role of 
Eq and a new constant 2iT plays role of the constant K. The desired conclusion follows from 
Lemma [2.21 applied to the mapping g and from ( I2.17p . □ 

In what follows, we also need the following Lemma. 

Lemma 2.4. Let $q be the family of the open discrete mappings f : D — > R™, n > 2, 
satisfying the estimate of the type (QHP at the point xq. Suppose that there exists a number 
Eq G (0, dist (xo,dD)) with the following property: for every Eq G (0, £0) there exists Eq G 
(0, £0) and nonnegative Lebesgue measurable function ip : (0,£o) — > [0, 00] such that 

< I(£,£o) := / ip(t)dt < 00 V£G(0,£q) (2.19) 



/ 
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and 

Q{x) ■ ip n (\x-x \) dm(x) < K-P(e,e ) V£G(0,£q). (2.20) 

e<\x—xo\<eo 

Assume that a family is equicontinuous at the point Xq. Then there exist = £j(xo), 
i = 1,2, < E\ < 62 < so, such that the estimate 

h(f{x),f(x ))<a n exp{-/? n I^(|x-x |,£ 2 )} (2.21) 
take a place for every f G $q and all x G B(xq,Ei), where a n , /3 n and 7„ iP are defined in 

(E2op. 

Proof. Suppose that the family $q is equicontinuous at the point Xq. Then, for every 
a > there exists A = A(cr, Xq) such that (12 . 16[) holds for every x G B(xq,A). Given a 
mapping / G $q and xq G D we define a Mobius transformation U : M. n — > IR n with (12. 17ft . 
The mapping v := Uof is a ring Q-mapping at Xq. It follows from (I2.16P at sufficiently small 
a and from ( I2.17P that \v(x)\ < 1 for some e 2 — ^2(^0) an d all x G 5(xo,£2)- Let us consider 
the mapping g := f\B(x Q ,e 2 )- The relations < I(e, £2) < 00 hold for some £1 G (0, £1) and 
all £ G (0,£i) by (l2TT9|) . It follows from ( l2T20|) that 

Q(x) -^(k-xol) dm(x) < K-P(e,e 2 ) Vee(0,ei). (2.22) 

£<|l'— X |<£2 

However, (I2.22p coincides with ( 12. 8p . The desired conclusion follows from Lemma [2T21 applied 
to the mapping g and from the (12.171 □ 

Remark 2.1. The conclusions of the Lemmas 12.31 and 12.41 are obtained at the different a 
priori assumptions. The statement of Lemma l2~4l is more precise in comparison with Lemma 
^because the constant (3 n = (^i) 1 /^-!) - m ([2T2T]) is more than the corresponding quantity 
f n = (2|=l)V(n-i) in (12~T5|) . From other hand, the conditions (Q, flMJ) of Lemma must 
be hold at one fixed £0, while such a conditions must be hold infinitely many times in Lemma 
12.41 with the same K > 0. The both Lemmas have the corresponding applications which be 
given in the next section. 



3 On the necessary and sufficient conditions of equicon- 
tinuity 

The proof of the Theorem li.il is founded on the choise of the function ip in Lemma 12.31 We 
set ip{t) := -p^jji- Let Eo < e _1 . In the notions given above we have 

e ° 1 
/(£,£o)= / ^(*)tft = l0g-^f , (3.1) 
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where I(e, Eq) — > oo as e — > and the condition (12. 8p holds by Corollary 2.3 in [6] (see also 
Lemma 6.1. VI in [H]). The condition ( 11.31) follows from (12. 9D at the selected function ip. □. 

Given a Lebesgue measurable function Q : D — >■ [0, oo] , we denote by (^(r) the integral 
average of Q(x) over the sphere \x — Xq\ — r, 



g, (r):=— 1^ J Q(x)dS 



\x—xo\=r 

where dS denotes the element of the square of the surface S. On the basis of Lemma 12.41 we 
obtain the following statements. 

Theorem 3.1. Given Xq E D and a Lebesgue measurable function Q : D — >■ [0, oo], 
suppose that the condition ( 1 1 .4)) taice a place for some e = £0(^0) (0, dist (x , dD)). 
The family of the open discrete ring Q-mappings f : D — > M. n at the point xq G D is 
equicontinuous at the point x G D if and only if the relation 

h(f(x),f(x ))<a n -exp{- J _f } (3.2) 

take a place for some Eq < £q, e' q > 0, and all x G B(xq,Eq), where a n is the constant from 
Lemma \2.2\ 

Proof. The sufficiency of the statement of the Theorem follows from the conditions (11. 4ft 
and ( 13. 2h directly. Let us prove the necessity. For small e, let us consider the function 

r{f] = i !/[*??(«)] , te(E,£ ), 

, t £ (£,£q) . 

As above, we set J(e,e ) := / ^(t)dt. By (fO]l . for every sufficiently small Eq > there exists 

e 

£q G (0,£ ) suc h that I(e,e ) > for every e G (0,£q). Besides that I(e,£ ) < 00 at every 
E G (0,£o) (see Remark 3 in [29]). Finally, remark that the function ip satisfies the relation 
(I2.20p at p — 1 and = w n _i, in fact, we have 

Q(x) ■ ip n (\x - x \) dm(x) = u n -i ■ I(e, e ) ■ (3.4) 

e<\x— xo|<eo 

Now the desired conclusion follows from Lemma 12.41 □ 

The following conclusion follows directly from the Theorem 13.11 

Corollary 3.1. Given x G D and a Lebesgue measurable function Q : D — > [0, 00], 
suppose that the condition 

q X0 (r)< cflog^j VrG (0,e ) (3-5) 
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take a place for some e — £(%o) £ (0, dist (xq,8D)). The family of all open discrete ring 
Q-mappings f : D —y M n at point Xq G D is equicontinuous at the point Xq G D if and only 
if 



M 

log 



h(f(x),f(x ))< — - 1 , (3.6) 



\x-xo\ 

for some e' < e , e' > and all x G B(xo, Eq), where the constant M depends only on n and 
point Xq. 

In the end of the section we give one more important result specifying the conclusion of 
the Theorem 13.11 

Theorem 3.2. Let D be a domain in M. n , n > 2, and e > 0, e < dist (x ,dD). Given 
a function Q : D —s- [l,oo], Q G L} oc (D), with J — — < oo, there exists a family of 

tq^T 1 (t) 

uniformly bounded ring Q-mappings at the point Xq which is not equicontinuous at xq. 

Proof. Without loss of generality, we can consider that D = B™ = {x G W 1 : \x\ < 1} 
and Xo = 0. Let us define a sequence of mappings f m ; lB n — y M. n by the following way: 

fm(x) = 7-rp m (\x\) , f m (0):=Q, 
\x\ 

where 



|x|=r 



| Q(*), 









|x| < 1/m . 

Now we prove that every of the mappings f m , m = 1, 2, . . . , is a ring Q-homeomorphism at 
the point Xq = 0. In fact, given r G (0, 1), we have f(S(0,r)) = S(0,R m ), where 

l 



R m : = exp 



dt 



t%[t X \t) 



Remark that 

f m (T(S(0, n), 5(0, r 2 ), fl(n, r 2 , 0))) = r(S(0, fli, m ), 5(0, R 2>m ), R(R hm , R 2jWl , 0)) 
where R ijTn := exp < — J 1} — > , i — 1, 2. In accordance with 7.5 in [21], 

I r . '90,m (*) J 

M(/(T(5(0, n), 5(0, r 2 ),i2(n, t^,0)))) = Un ~ l t < • 

Consequently, a mapping f m be a ring Q-mapping at zero (see Theorem 1 in [28]). Remark 
that \f m {x)\ < 1 for every m G N and, consequently, a family of mappings {/j(a;)}j^i 
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is uniformly bounded. For every sequence x m with \x m \ = 1/m, m = 1,2,..., we have 
\fm{x m )\ > er, where a does not depend on m. Finally, for some a > and every element 
l/(m — 1), m — 2, 3, . . . , there exists x m G B n and f m G {fiix)}^ such that \x m — 0| < 
l/(m — 1) and, simultaneously, \ f m (x m ) — / m (0)| > a. Thus a family of mappings {fi(x)}fZi 
is not equicontinuous at zero. □ 

4 On the equicontinuity of the families omitting the val- 
ues from the sets 

The following investigation are founded on the approach of M. Vuorinen (see in [22]). Bellow 
we give the most general results for the equicontinuous families of the open discrete mappings 
satisfying the estimates (jl.ip - (jl.2p (see also the paper |26| and the corresponding comments 
given in the introduction). As in the work [22], we give the results on the equicontinuous of 
the families in the terms of the special set function c(-). 

Let Q(x,t) = {y G R n : h(x,y) < t} - be a spherical ball centered at the point x of the 
radius t. Given x G M n , set E C R n and numbers < r < t < 1, we set x = —7-72, 



Given a compact set E C M" , we have c(E) = if and only if cap E = (see Corollary 
3.19 in [22]). 

Let D be a domain in R n , n > 2. Denote by 5q,<5 the family of all open discrete ring 
Q-mappings / : D — > lR n \ Ef at xq G D with c(Ef) > 5 > 0, where the set Ef is compact, 
and the set function c(-) is defined by (14. ID . 

The following auxiliary result take a place. 

Lemma 4.1. Suppose that there exists eo > 0, eq < dist (xo,dD), e\ G (0, £0) and a 
function ip : (0,£q) — > [0, 00] with 



rn t (E, r, x) = M{T{dQ(x, t),En Q(x, r))) , 
m(E, x) = m^ /2 (E, x) , 



and 



c(E, x) = max{m(E , x), m(E, x)} , 
c{E) = mj_c{E,x) . 



(4.1) 





(4.2) 



£ 



and 




o(I n (£,£0)) 



(4.3) 



e<\x—xo\<eo 
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as e — > 0. Then the family $Q t s is equicontinuous at Xq. 

Proof. Given a mapping / G -Sq,Si let us consider the condensers = (A, C) and f(E) = 
E' = {f {A), /(C)), where C := B(x„,e), £ G (0, £l ), A = B{x ,r ), r = dist (x , 3D). 
Let r^/ and be the families of curves in the notions of Lemma 12.11 Remark that 
T(f(C),Ef) > Te> (see Theorem 1.1.46 in [8J) and, consequently, by Theorem 6.4 in |21|). 
Lemma O and (O]) 

M(T(f(C), Ef)) < M(T E ,) = cap f(E) < a{e) , (4.4) 

where a(e) — > as e — > 0. From other hand, by Theorem 3.14 in |22j, 

M(T(f(C),E f ))>Pmin{c(f(C)),c(E f )}, (4.5) 

where the constant depends only on n. Since c(F) > a n h(F) for every connected set F in 
M n , where h(F) is the chordal diameter of F and a ra is some constant (see Corollary 3.13 in 
[22]). we get 

c(f(C)) > a n ■ h(f(C)) . (4.6) 

It is known that c(E) < tu n -i • (log\/3) for every set E C M n (see the relation (3.7) in 
|22] and (I4.ip ). consequently, 

=— < 1 V£cr. (4.7) 

u n -i ■ (log V 3 J 

If min in (14. 5 \ equals to c(/(C)), by (I4.6[) and (14. 7p we have that 

M(T(S(C),E,)) >?.*.. h(f(C)) > t^m<M . (4.8) 

w n _i • (log V3) 

If min{c{f(C)),c(E f )} = c{E f ), then it follows from that 

M(r(/(C), Ef)) > c{E f ) > h{f{C))c{E f ) . (4.9) 

Setting c„ := min <^ 1, /' Q " i_„ > , we have from (T4781) and ( 14791) that 

w n _i-(k>gV3) J 

M(r(/(C), %)) > c n ■ h(f(C))c(E f ) >c n -5- h(f(C)) . (4.10) 
It follows from QOD and fT47T0]) that 

W)<^- (4-11) 
c n d 

Since a(e) — > as e — > 0, it follows from (14. lip that, for every o > there exists A = A(er) 
such that h(f(C)) < o whenever e < A. In other words, h(f (x) , f (xq)) < cr for all x G 
B(xq,s), e < A. Hence, the inequality h(f(x),f(xo)) < a take a place for all x G B(xq, A) 
and every / G 5q.a, that means the equicontinuity of the family 5q,a at the point Xq. □ 
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The analogue of the following result was published in |29| in some weaker form (see Lemma 

8). 

Proposition 4.1. Suppose that a Lebesgue measurable function Q : D — > [0, oo] satisfies 
at least one of the conditions at x G D : 1) Q G FMO(x ); 2) q XQ (r) < C ■ (log^) 71 " 1 ; 3) 
the PUP at some Eq = £0(^0)- Then the conditions ( l4.2j) -( f4T3)) of Lemma \4.1\ hold. 

Proof. In the first case we set ip(t) := tlo ^ 1 ^ t - Let e < e -1 . Then the relation (13.11) take 
a place in the notions done above and the condition (14. 3 P is satisfied by Corollary 2.3 in [6] 
(see also Lemma 6.1. VI in [14J). So, the conditions (I4.2p -f l4~3]) of Lemma 14.11 take a place. 
Since the case 2) directly follows from 3), let us consider the case 3). For small e, consider 
the function if) defined by (13.31) . and to define the function I(e,eo) by (14. 2p . as above. By 
(II. 4p . there exists E\ G (0,e ) with I(e,e ) > for all e G (0,£i). Remark that I(e,e ) < 00 
for every e G (0,£o) ( see Remark 3 in [29]). Finally, remark that, by (13.41) . the function if) 
satisfies the relation (14. 3 p at p — 1, in fact, I(e,e ) = o(I n (e,eo)) in view of (II. 4p . □ 

The statement of the Theorem 11.21 directly follows from the Lemma 14.11 and Proposition 

5 Applications and consequences 

Now we discuss some important particular cases of the Theorem 11.21 As consequence as 
Q(x) < K — const and Ef = E C K n , we have the following well-known result for the 
quasiregular mappings (see Theorem 3.17 in [12] and Corollary 2.7.III in [20J ) . 

Corollary 5.1. Given a compact set E C M. n with cap E > 0, the family of all i^-quasi- 
regular mappings / : D — > M. n \ E is equicontinuous at every point Xq G D. 

As consequence as Ef = E C lR n , we obtain the following author's result (see Theorems 
5.1-5.2 in [26]). 

Corollary 5.2. Given a compact set E C IR n with cap E > 0, the family of all open 
discrete Q-mappings / : D — > R™ \ E is equicontinuous at every point xq G D provided that 
at least one the conditions l)-3) of the Theorem II .21 is satisfied. 

The following result can be easy gotten from the the theorems II. 1[ II. 2| 13.11 and Corollary 

Theorem 5.1. 1. Every f G $q.$ satisfies the estimate ( I J. 3)) for all x G B(xq, Eq(xo)) 
and some £0(^0) > whenever Q G FMO(x ), where p = p(n, Q) > and C n > are some 
constants, h Bcex 

2. Every f G 5q,<5 satisfies the estimate A3.2\) at some constant a n > whenever (QHJ) 
holds at some 60 > 0. 

3. Every f G $Q t s satisfies the estimate ( 13.6')) in some neighborhood of the point Xq 
whenever the ( 13.5)) holds, where M > is some constant depending only on n and point xq. 
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Finally, we give the main application of the results obtained in the paper to Sobolev's 
class. Set at points x G D of differentiability of / 

J (/'(*)) = , min J^^l,||/'(x)|| = max , J(x, /) = detf (*), 

■ ^{0} \n\ heR n \{o} \n\ 



and define for such x G D the inner dilatation of f at x as 

l(f'{x)) n ' J v x ' J > i u > 
/Wf.r./) = < 1, /'(x) = 0, • 

oo, otherwise 

Recall that a point yo G -D is said to be a branch point of the mapping / : D — >■ M n , if for 
every neighborhood U of the point yo a restriction f\u fails to be a homeomorphism. A set 
of all branch sets of / is denoted by Bf. 

Let us denote through 21q the family of all discrete open mappings /:£)—>• M™ of the class 
with branch set Bf of the zero Lebesgue measure and with Ki(x,f) < Q(x) G L] oc . 
The following statements follow from the Theorems II. 1) 13. 1) Corollary 13.11 and Corollary 2 
in ET 



Corollary 5.3. 1. Every f G 21q satisfies the estimate il,3\) for all x G -B(s , £o(^o)) 
and some £0(^0) > whenever Q G FMO(xq), where p = p(n, Q) > and C n > are some 
constants. 

2. Every f G 21q satishes the estimate ( 13.2)) with some constant a n > whenever ( I J. 4)) 
holds at some 6q > 0. 

3. Every f G 21q satisfies the estimate ( 13.6)) in some neighborhood of the point Xq 
whenever the ( 13.51) holds, where M > is some constant depending only on n and point xq. 

Let us denote through 53q,5 the family of all discrete open mappings / : D — > M n \£'j- of the 
class W 7 ^'™ with branch set Bf of the zero Lebesgue measure such that Ki(x, f) < Q(x) G Lj oc 
and c(Ef) > 5, where £y is compact and c(-) as above. The following statements follow from 
the Theorems 11.1) I37L] 13.11 and Corollary 2 in [27J. 

The following result can be easy gotten from the the Theorem 11.21 and Corollary 2 in j2j 



Corollary 5.4. The family of the mappings 53q,5 is equicontinuous at Xq provided that 
the conditions l)-3) of the Theorem II .21 are fulfilled. 

Remark 5.1. A significant number of papers and monographs is devoted to the study 
of the mappings satisfying the modulus and capacity estimates, see e.g. [6], [9], [TT]- 

[16| . |18| . |20]-|25| in this connection. Consequently, the results of the paper have the wide 
applications to the different classes of the mappings in the space. 
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